On the breaking of long, axisymmetric liquid bridges between unequal supporting disks at minimum volume stability limit by Meseguer Ruiz, José et al.
On the breaking of long, axisymmetric liquid bridges between 
unequal supporting disks at minimum volume stability limit 
Jose Meseguer, Jose L. Espino, Jose M. Perales , Ana Laveron-Simavilla 
IDR/UPM, E.T.S.I. Aeronduticos, UniversidadPolitecnica deMadrid, 28040Madrid, Spain 
Abstract 
The stability of axisymmetric liquid bridges held between non-equal circular supporting disks, and subjected to an axial 
acceleration, has been analyzed both theoretically and experimentally. Some characteristics of the breaking process which takes 
place when the stability limit of minimum volume is reached (mainly the dependence with the disks separation of the volume 
of the liquid drops resulting after the liquid bridge breakage) have been theoretically studied by using standard asymptotic 
expansion techniques. From the analysis of the nature of the unstable equilibrium shapes of minimum volume at the stability 
limit it is concluded that the relative volume of the main drops resulting from the liquid bridge rupture drastically change as 
the disks separation grows. Theoretical predictions have been experimentally checked by working with very small size liquid 
bridges (supporting disks being some 1 millimeter in diameter), the agreement between theoretical predictions and experimental 
results being remarkable. 
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1. Introduction 
A liquid bridge consists of an isothermal mass of liquid of volume V held by surface tension forces between two parallel, 
coaxial circular disks that are separated by a distance L. The disk radii are R+ and R~, respectively (see Fig. 1). 
Liquid bridges are present in a large variety of physical and technological situations, and a great effort has been done in the 
last decades to determine equilibrium shapes and stability limits for a wide range of liquid bridge configurations. The simplest 
non-trivial (non-cylindrical) liquid bridge configuration consists of an axisymmetric drop of liquid spanning between two 
parallel, coaxial, equal in diameter solid disks, in absence of body forces. Early stability studies concerning basic configurations 
were published three decades ago (Haynes [1], Erie, Gillette and Dyson [2], Gillette and Dyson [3]), although the most relevant 
result concerning the stability of such configuration were published at the end of the decade of the seventies (Martinez [4]), and 
in the last two decades (Sanz and Martinez [5], Russo and Steen [6], Boucher and Jones [7], Lowry and Steen [8], Slobozhanin, 
Alexander and Resnick [9], amongst other). Concerning the influence of axial gravity, different attempts have been made to 
calculate the minimum volume stability limits as well as the maximum volume stability limits both from a theoretical and an 
experimental point of view [10-12], being this problem extensively analyzed in the nineties by Slobozhanin and Perales [13]. 
The influence of non-equal coaxial disks on the stability limits has been investigated in the last twenty years. At the beginning the 
effort was concentrated on the stability limit of minimum volume (Martinez and Perales [14]), the stability limits of maximum 
volume being reported more recently by Slobozhanin, Gomez and Perales [15]. 
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Fig. 1. The liquid bridge set-up. 
The combined effect of both unequal disks and axial gravity on liquid bridge stability was first studied by Meseguer [16] 
through a bifurcation analysis, and different improvements to such stability study, either theoretical or experimental, have been 
published later [17-20]. The most comprehensive results published up to now on the combined influence of unequal disks and 
axial gravity can be found in Perales, Meseguer and Martinez [21], where minimum volume stability limits are analyzed both 
theoretically and experimentally, and in Slobozhanin and Alexander [22], where the complete stability diagrams are calculated. 
Other axisymmetric (solid body rotation) and non-axisymmetric effects (lateral acceleration, non-coaxial disks) have been 
also taken into account to analyze liquid bridge stability (a review of the literature dealing with these effects can be found in 
Meseguer et al. [23]). An asymptotic study on the influence of non-circular disks on the stability limit of cylindrical volume 
liquid bridges has been published recently [24]. In addition, a fairly significant number of papers dealing with the application of 
either flow stabilization [25,26], acoustic stabilization [27,28], electric field stabilization [29-33] or magnetic field stabilization 
[34,35] have been published. 
Besides, there have also been numerous investigations of liquid bridge dynamics. The nonlinear dynamics and breakage 
of liquid bridges was first studied some twenty years ago, using inviscid, one-dimensional models [36,11,17]. Sirignano and 
Mehring [37] have recently published a review of the theories commonly used in liquid jet breaking, and an historical review of 
the most representative publications concerning the breaking of liquid bridges can be found in Zhang, Padgett and Basaran [38]. 
That review has been completed with a very recently published paper on this topic [39]. 
The stability (and its effect on the breaking dynamics) of long axisymmetric liquid bridges held between unequal, parallel 
circular supporting disks subject to axial acceleration can be theoretically analyzed by using an analytical approximation based 
on the standard bifurcation theory (Lyapunov-Schmidt technique [40]). According to this method, the expression for both the 
stable and the unstable equilibrium interface shapes is f(z) = l+e sin(z/A), where s is a small parameter (its value depending 
on the perturbations acting on the liquid bridge) which measures the magnitude of the interface deformation. Therefore, when 
the instability develops, the liquid bridge interface bulges in one half of the liquid column and necks in the other (the instability 
is antisymmetric with respect to the mid-plane parallel to the disks). 
According to this behavior, any perturbation leading to an antisymmetric deformation of the interface, as axial gravity or 
unequal coaxial disks, will force a neck in the liquid column which will determine the further breaking process. When two 
antisymmetric effects, like the ones stated above, act in opposite directions, the interface deformations associated to each one 
of the parameters will also be opposite, so that the interface neck will be in the upper or in lower half of the liquid column 
depending on the relative importance of the parameters involved. Although this problem was first analyzed, more than a decade 
ago, both numerically and experimentally [20,21], and the main features of the breaking process were outlined, no explanation 
on the different effects involved in the development of instabilities was given in these papers. Refined asymptotic analysis shows 
that for fixed values of the parameters under consideration (unequal disks and axial gravity), their relative importance depend 
on the disks separation. Therefore the (relative) volume of the drops resulting after the liquid bridge rupture must also depend 
on the disks separation. 
In the following an asymptotic analysis of the unstable equilibrium shapes of liquid bridges at minimum volume stability 
limit is presented. Such study leads to a very simple expression for the stability limit which reveals that for the liquid bridge 
configuration under consideration, there is a strong dependence of the equilibrium shapes on the disk separation. The neck of 
the liquid column moves along the liquid bridge, from the upper to lower half and vice versa, as the disk separation varies. The 
neck migration is very accentuated when the fluid configuration is close to the local minimum volume which corresponds to the 
stability limit curve [20-22]. This implies a drastic change in the breaking dynamics of the liquid column. The liquid bridge 
breaks in two main drops with unequal relative volumes. For a disk separation smaller than the critical (the local minimum 
volume) the drop anchored to the upper disk is larger. As the disk separation increases the neck moves upwards, and when the 
separation is larger than the critical, the larger drop is at the bottom disk. 
Such behavior has been experimentally checked by working with very small size liquid bridges. In addition, asymptotic 
results are compared with the exact theoretical ones [21,22], and with experimental results already published [20,21]. 
2. Analytical approach 
Equilibrium shapes of axisymmetric liquid bridges are described by the Young-Laplace equation, which in dimensional 
variables takes the form: 
crM(F) + P - Apgl = 0, (1) 
where M(F) is twice the mean curvature of the interface, F = F(z) is the equation for the axisymmetric liquid bridge 
interface, P is a constant related to the origin of pressure, Ap is the difference in density between the liquid bridge and 
the surrounding fluid, a is the interfacial tension between the bridge and the surrounding fluid and g is the axial acceleration. 
The boundary conditions and constraints express the constant value of the liquid bridge volume, and that the bridge surface is 
anchored or pinned to the edges of the supporting disks. 
Taking RQ = (R+ + R~)/2 as the characteristic length of the problem, and defining F = F /RQ, Z = Z/RQ, Eq. (1) can be 
recast in dimensionless form as M(F) + P — Bz = 0, where M(F) = [FFZZ — 1 — (Fz)2] • [1 + (-Fz)2] - 3 /2 • F _ 1 . The constant 
volume condition takes the form 
A 
J F2dz=2AV 
-A 
and the boundary conditions at the disks are F(±A) = 1 ± h, where, h = (R+ — R~)/(R+ + R~). In this formulation P 
has been made dimensionless using a /RQ, B is the axial Bond number, B = ApgRi/a, A = L/(2RQ) is the slenderness and 
V = V/(jrR2L) is the dimensionless volume. The subscript z indicates derivatives with respect to this variable. 
Critical points result after linearisation of the problem formulation above stated. It is well known that for the case B = h = 0, 
V = 1, the problem under consideration has the trivial equilibrium solution F = 1, P = 1 for any A. Then, the introduction of 
the expansions F(z) = 1 + sf(z) + 0(e ), P = 1 + sp + 0(e ), where e stands for the magnitude of the deformation of 
the interface, allows us to calculate f(z) and thus other equilibrium solutions after neglecting 0(e ) terms. The process used 
to obtain the variation of the maximum stable slenderness due to the different effects under consideration has been described 
elsewhere [41], so that in the following paragraphs only the main features of such procedure are outlined (specific details on the 
problem here analyzed can be obtained upon request to the authors). 
Non-trivial (different from zero) solutions of the linear problem only exist for discrete values of the liquid bridge slenderness, 
A = it being the smallest value of A for which a non-trivial solution exists (at A = it the transition from stable to unstable 
equilibrium shapes occurs). Within this approximation, the departure from the cylinder of the unstable equilibrium shapes is 
given by f(z) = sm(jrz/A), p = 0, which is the solution that must be perturbed to calculate the variation of the maximum stable 
slenderness. In the asymptotic approximation, a new variable which normalizes boundary conditions, x = JTZ/A, is introduced 
along with the parameter X = 1 — A/JT, and higher order terms than those considered in the linear problem are retained. Let 
f(x) and p represent these higher order terms of the interface shape and the pressure, respectively. The new expansions for 
F and P are then F(z) = 1 + e sinx + f(x), P = 1 + p, which, after substitution in the problem formulation yields the new 
problem 
M{\ + esinx + f{x)) + l+p- Bx(l -k) = 0, (2) 
with 
n±n) = ±h, (3) 
/ [ l + e s i n x + / ( x ) ] 2 d x = 2 , ( 1 + » ) , (4) 
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where v = V — 1. Note that the curvature of the interface, M(F), is now computed in terms of the variable x, so that M(F) now 
includes X as a parameter. This formulation requires an additional condition to uniquely define the parameter e; such condition 
is: 
I f(x) sinxdx = 0. (5) 
The problem defined by Eqs. (2)-(5) allows us to calculate f(x) and p in terms of the small parameters e, X, v, h and B by 
using the bifurcation equation (the Lyapunov-Schmidt technique). In this technique, instead of Eq. (2) the equation to be solved 
is 
M(l + B sinx + fix)) + 1 + p - Bx{\ - X) + 4> sinx = 0, (6) 
and from the Implicit Function Theorem [40] it can be demonstrated that, at least in a neighborhood ofe=X = v = h = B = 0, 
the expression (6) with conditions (3)-(5) uniquely define f(x), p and <f>, which can be expressed as series expansions of the 
involved small parameters, i.e.: 
5 5 5 5 5 5 
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Similar expressions can be written for f(x) and p. In these expansions the terms er- represent the problem governing parameters 
(i.e., ej = e, 62 = X, 63 = v, 64 = h, 65 = B), and the different unknowns are symmetric with respect to their indices 
(i.e., <f>ij =(f>jj). The introduction of the asymptotic expansions for <f>, p and f(x) into Eq. (6) yields different sets of 
problems of order e, order e , order e , . . . which allows the calculation of the different functions and coefficients involved 
(fi(x), fij(x), fijk(x), ..., Pi, Pij, Pijk> ••• ,<t>i, <t>ij> <Pijk> • • •)• Obviously, such solutions will correspond to the solution of 
the original problem formulation if and only if the parameters involved satisfy the bifurcation equation <f>(s,X, v, h, B) = 0. 
Hence, once the relevant problems are solved, the bifurcation equation becomes 
h 1 3 , / h\ \
 7( h\ 69 < 
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where only the non-zero leading terms for each parameter, plus non-zero terms of the following order (those in XB, Xh, e B, 
eh and e ) have been written. Note that, according to expression (8), v and X are of order e , whereas B and h are of order e . 
Therefore, all the underlined terms are of order e . Thence, to this approximation the reduced slenderness is 
1 
X: B+2h/ir • 
h 1 3 , 1
 9 / h\ 69 , B + -SV--S3 + — e 2 B + 1 5 - e5 
2 4 16 V it 64 
(9) 
The stability limit is defined by X = Xm[n, or AmaK = jr(l — ^min)- Thus, taking dX/de = 0, if higher order terms (underlined 
terms) are omitted, we find that to leading order Amax is given by the well known expression [16,41]: 
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Expression (10) shows the quantitative and the qualitative influence of the different parameters, which is determined by the 
exponent of each group of terms in this equation (10). Such influence can be understood considering the effect of the imposed 
perturbation on the necking of the liquid column. In effect, the expression for both stable and unstable equilibrium interface 
shapes is of the form f(x) = 1 + esinx. Therefore, when the instability develops, the liquid bridge interface bulges in one 
half of the liquid column and necks in the other (the instability is antisymmetric with respect to the mid-plane parallel to the 
disks). According to this behavior, any perturbation leading to an antisymmetric deformation of the interface will decrease the 
maximum stable slenderness, the reduction being proportional to the two-thirds power of the perturbation. Note that since the 
difference in disk radii causes an antisymmetric deformation in the same manner as the Bond number, these two effects can be 
additive or subtractive, and can even cancel one another (the relative influence of these parameters on the drops resulting after 
liquid bridge breakage has been analyzed elsewhere [11,17,20]). 
Perturbations that cause a symmetric deformation (with respect to the mid-plane) of the interface, such as those due to a 
reduction in volume, may also reduce the maximum stable slenderness. However, these kind of perturbation are less critical 
being the reduction in Amax linear in the volume, v. 
Expression (10) is only valid close to the reference liquid bridge configuration (defined by the Rayleigh stability limit, 
A = 7t,V = 1, B = h = 0), and far from this configuration equation (10) gives only a rough approximation of the influence 
on the stability limit of the different parameters considered. For instance, if B and h are fixed, Eq. (10) predicts a linear 
dependence of the maximum stable slenderness on the liquid bridge volume, and no additional information can be obtained 
from this approximation on the influence of the liquid bridge volume on the breaking process that will occur once the stability 
limit is reached. In effect, if the underlined terms in Eq. (9) are omitted, the reduced slenderness becomes 
X: — [B--h ) - - v + -e2, 
s\ n 2 4 (11) 
therefore dk/ds = 0 implies s = 0 if B — h/n = 0, or s = — [2(B — /Z/TT)/3]1/3 in the case B — h/n ^ 0. This last solution 
means that at the stability limit, irrespective of the value of the reduced slenderness, the liquid bridge would bulge at its lower 
half part (close to the small disk) when B > h/n, so that in this case a large drop would be formed at the lower (smaller) disk, 
and a small drop at the upper (larger) one after the liquid bridge rupture. On the other hand, when B < h/n, Eq. (11) predicts 
that at the stability limit the liquid bridge would neck at its lower half part, so that the size of the drops resulting after breaking 
would be just in opposition to the ones resulting when B > h/n. Obviously, these conclussions are far from the real behavior. 
Numerical and experimental results show that, for the liquid bridge configurations under consideration, the drops arrangement 
resulting from the liquid column breakage strongly depends on the slenderness [11,17,20]. 
To analyze the influence of the volume on both the stability limit and the breaking process other terms than the leading terms 
must be retained in the bifurcation equation (expression (9)). In this case, the calculation of the roots of the equation dk/ds = 0 
requires a much more involved algebra. The dependence of the parameter s on the reduced slenderness k, as resulting from 
expression (9), is shown in Fig. 2. These results correspond to the cases B = 0.05, h = 0.l (so that B — h/n > 0), the reduced 
volume being v = — 0.4 (Fig. 2(a)) or v = — 0.1 (Fig. 2(b)). As it is well known, for each liquid bridge configuration the stability 
limit is defined by the value km[n where dk/ds = 0. As shown in Fig. 2 the bifurcation equation has three roots for A, > km[n 
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Fig. 2. Sketch of the equilibrium solution (departure from the cylin-
der e) as a function of the reduced slenderness k, for two values of 
the reduced volume: (a) i; = —0.4, and (b) i; = —0.1. These results 
have been obtained by using expression (9) and correspond to liquid 
bridges between unequal disks (h = 0.1) subject to an axial Bond num-
ber B = 0.05. The stable solution is plotted in solid line and the un-
stable solutions in dashed line. In each sketch the circle indicates the 
stability limit, km[n, where dk/de = 0. 
Fig. 3. Variation with the slenderness A of the minimum volume V 
of liquid bridges between unequal disks, h = 0.l, subject to an axial 
Bond number. Dashed lines correspond to the results provided by 
expression (11) whereas solid curves represent results obtained by 
using expression (9). Dot-dashed line indicate results obtained by 
using the exact theoretical models [21,22]. Numbers on the curves 
indicate the value of the Bond number. 
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Fig. 4. Variation with the slenderness A of the parameter s that measures the magnitude of the interface deformation of the unstable equilibrium 
shapes of liquid bridges between unequal disks, h = 0.1, subject to axial Bond number. Dashed lines correspond to the results provided by 
expression (11) whereas solid lines represent results obtained by using expression (9). Numbers on the curves indicate the value of the Bond 
number. 
(that means A < Amax). The root represented by the solid lines in Fig. 2 is the root with the smallest |e| for A, > Amin, and 
corresponds to the stable solution, whereas the other two real roots appearing for A, > Xm[n represent unstable solutions (for 
A, < km[n there is only one real root which represents an unstable configuration). 
Stability limits resulting from this asymptotic analysis are shown in Fig. 3. Five curves are represented in this plot: the 
straight (dashed) lines correspond to the results provided by expression (11) whereas solid lines represent results obtained by 
using expression (9). Dot-dashed line corresponds to exact theoretical results already published [21,22]. In all cases the value 
of the parameter that measures the disks inequality is h = 0.1, the values of the Bond number being those labeled in the curves. 
Results obtained with Eq. (9) are much more similar to the ones resulting either from numerical or experimental analyses 
[20-22]. It must be pointed out, as it is clearly shown in Fig. 3, that for fixed h and B (provided B > 0), the quantity V at the 
stability limit boundary attains a local minimum at V = Vc for a value A = Ac. 
The variation of the parameter s with the slenderness A that satisfies the equation dX/ds = 0 is shown in Fig. 4 for the same 
liquid bridge configurations considered in Fig. 3. The line type indicates the expression used to solve dX/ds = 0: the results 
obtained using equation (11) are plotted with dashed lines, and the results obtained using Eq. (9) are represented using solid 
lines. The numbers on the curves identify the values of the Bond number B. As it can be observed, as already anticipated, when 
Eq. (11) is used the value of the root remains constant, irrespective of the value of the liquid bridge slenderness, in other words, 
it does not depend on the liquid bridge volume. The behavior is rather different, and much more similar to the results provided 
by experimental evidence, when expression (9) is used instead of Eq. (11). 
In this case the root of dX/ds = 0 is always positive when B — h/n < 0, because when this inequality holds both effects, 
Bond number and disks inequality are in phase, so that both perturbations force the necking of the liquid column in the same 
way (the neck appears close the bottom, smaller disk). Thus, when the breaking of the liquid column takes place, the resulting 
configuration is a large drop at the top (larger) disk, and a small one at the bottom (small) disk. 
On the other hand, when B — h/n > 0 the root of dX/ds = 0 can be positive or negative, depending on the value of the 
slenderness. For A < Ac (V < Vc) such root is positive (see Fig. 2(a)), whereas it becomes negative when A > Ac (V > Vc). 
This result indicates that the position of the neck of the unstable equilibrium shapes varies as one moves along the minimum 
volume stability curve. When the slenderness is small (A < Ac), after the liquid column rupture a large drop is formed at the 
top (larger) disk, and a small drop at the bottom disk. Since the Bond number effect (which is positive) tends to neck the upper 
half part of the liquid column, whereas disks inequality tends to neck the lower part, it can be concluded that for low values of 
the slenderness the effect of disks inequality dominates over the Bond number effect. 
The contrary happens when A > Ac, the root of dX/ds = 0 is negative (see Fig. 2(b)), the unstable equilibrium shapes 
neck close the top disk, and, in consequence, after breaking there is a large drop at the bottom disk and a small drop at the 
top one. This implies that, when liquid bridge volumes are large, the dominant effect is the Bond number. The dependence on 
the slenderness of the volume of the drops, with a sudden change at A = Ac, has been experimentally corroborated (see the 
following section). 
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Fig. 5. Variation with the ratio h/(jtB) between the parameter h that 
measures the disks inequality and the Bond number B, of the re-
duced slenderness Ac/jt at the point where a local minimum volume 
is reached. Solid line correspond to the results provided by expres-
sion (12) whereas the dashed one represents exact theoretical results 
[21,22]. Black symbols indicate experimental results obtained by Bez-
denejnykh and Meseguer [20] (circles) and by Perales, Meseguer and 
Martinez [21] (square), whereas open symbols indicate experimental 
results here obtained. 
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Fig. 6. Variation of the ratio r\ = 2AC/[TT(VC + 1)] with the reduced 
slenderness Ac/n at the point where a local minimum volume Vc 
is reached. Solid line r\ = 1 is the solution of the asymptotic 
analysis (expression (13)) whereas dashed lines represent exact 
theoretical results [21,22]. The letters on the curves identify 
the liquid bridge configuration according to the following key: 
(A) B = 0.048, h = 0.09; (B) B = 0.063, h = 0.20. 
Table 1 
Properties of the different experimental configurations used to determine the peak of local minimum volume. A and B indicate the liquid bridge 
configurations tested in this paper whereas [20] and [21] identify the publications where the other configurations were used 
Configuration B h/(7tB) Ac/7t Comments 
A 
B 
[20] 
[21] 
0.0909 
0.2000 
0.25 
0.10 
0.048 
0.063 
0.080 
0.046 
0.60 
1.01 
0.99 
0.69 
0.84 
1.00 
0.99 
0.88 
Millimetric liquid bridges 
Millimetric liquid bridges 
Millimetric liquid bridges 
Plateau tank (neutral buoyancy) technique 
It is clear that at the peak (Ac, Vc) the root of dX/ds -
between Ac, Vc, B and h are obtained: 
3h/(7tB) 
\+2h/(7tBY 
Ac_ 
71 
Ac 1 
- £ = -(V c + l). 
Tt 2 
: 0 is s = 0, and then, from expression (9) the following relationships 
(12) 
(13) 
Therefore, within the scope of this asymptotic analysis, the peak (Ac, Vc) is only a function of the ratio h/B, no matter what the 
values of h and B are. Expressions (12) and (13) are compared with exact numerical results [21,22] in Figs. 5 and 6, respectively. 
In Fig. 5 the experimental results here obtained are represented, along with other experimental results already published which 
were obtained working with millimetric liquid bridges [20] or using the neutral buoyancy (Plateau tank) technique [21]. The 
different experimental conditions are summarized in Table 1. 
3. Experimental analysis 
The main aim of the experiments is to determine the relative volume of the two resulting drops after the breakage of the 
liquid bridge. This ratio is determined by integrating the liquid bridge outer shape from either disk until the neck position for a 
video frame taken just before breakage. 
Fig. 7. Experimental set-up: liquid bridge cell (A), microscope (B), high speed CCD camera (C), normal rate CCD camera (D), and illumination 
system (E). 
The experimental set-up used to perform the experiments, as sketched, not to scale, in Fig. 7, consists of the following main 
elements: liquid bridge cell (A), microscope (B), high speed video camera (C), normal rate CCD camera (D), illumination 
system (E), image recording system (not shown in the figure) and associated software. 
The liquid bridge cell consists of a three-axes table, the displacement along each one of the different axes being controlled 
through micrometric screws. The bottom disk is mounted on the horizontal platform of the three-axes table, and it can be 
displaced both along the x-axis and the y-axis. The upper disk is mounted on the vertical guide of the table, so that its 
displacement can only be along the z-axis. Liquid bridge supports (disks) are made of calibrated stainless-steel tube, their 
surfaces in contact with the working liquid being carefully polished to provide very sharp edges. One of these tubes is used for 
feeding and removing liquid, whereas the hole on the second one is sealed to avoid undesirable and uncontrolled changes of the 
liquid bridge volume during experimentation. The disks diameters used in experiments have been 1.0, 1.2 and 1.5 mm. 
There is a CCD camera (SONY CCD-IRIS) with its optical axis aligned with the y-axis of the liquid bridge cell (D). This 
camera is used to visualize the liquid bridge during the liquid column formation phase, providing enlarged images of the liquid 
bridge in a user-friendly format, through the corresponding TV monitor. The camera has its own illumination system, consisting 
of a background screen illuminated from the rear by a cool light source. The light source is far from the liquid bridge cell, the 
light being conducted through optic-fiber cables. 
There is a second CCD camera (C) whose optical axis is aligned with the x-axis. This second CCD camera is a high-
speed camera (HISIS 2002) which can record up to 2400 frames per second. All the breaking sequences have been recorded at 
1220 images per second, which is the maximum recording speed for which full resolution images can be taken (the resolution 
decreases as the recording speed increases above this threshold). The high speed CCD camera is mounted on a microscope 
(WILD M8). The illumination system for the high speed camera consists of a background LED stroboscope (9 LEDs arranged 
in a matrix of 3 by 3) driven by HISIS 2002 system. The stroboscope illuminates the liquid column from the rear (as seen from 
the high speed camera), so that the liquid-air interface becomes plainly visible (the liquid column, and specially its edges, turns 
out black since the liquid bridge acts like a small lens). 
The experimental proceeds as follows: once the supporting tubes are installed with their longitudinal axes aligned, the 
upper disk is placed a given distance apart from the lower one. Then a drop of water is injected through the feeding tube and 
its volume increased until the drop becomes in contact with the opposite disk and a liquid bridge is formed. The amount of 
liquid supplied to the liquid bridge is always high enough to assure that the volume of the initial drop is far enough from the 
minimum-volume stability limit corresponding to the selected slenderness. The supports are separated to the desired slenderness, 
additional volume of liquid being injected, if necessary, to keep the liquid bridge volume within stable boundaries during the 
whole formation process. 
Once the liquid bridge is formed, the experimental sequence proceeds without any further interaction: due to liquid 
evaporation, the volume of liquid continuously decreases, and when the stability limit is reached the liquid column breaks. 
Interface evolution due to evaporation [39] is much slower (some minutes) than the breakage due to capillary instability that 
suddenly developes (within a single high-speed video frame, 0.001 s). All along the breaking sequence, liquid bridge pictures 
obtained from HISIS 2002 CCD camera, at a rate of 1220 frames per second, are stored in a PC computer. When the operator 
realizes that the breakage of the liquid column has occurred, the recording process is stopped, and the last part of the breaking 
sequence is stored for further analysis (about two hundred images prior to breaking time). Afterwards a new value of the 
slenderness is set, and the whole process is repeated. 
The value of the Bond number during the different set of experiments has been calculated by analyzing the interface 
deformation of liquid bridges between equal disks with dimensionless volumes close to V = 1. According to this procedure, 
Fig. 8. Consecutive video frames of the liquid bridge just before breaking obtained from high speed camera pictures (the time interval between 
contours is 0.005 s). First and second picture series correspond to the configuration B = 0.048, h = 0.09, whilst third and fourth correspond to 
B = 0.063, h = 0.20. The numbers indicate the value of the slenderness A. 
already used in previous experimental studies [20,39,41-43], since liquid bridges are formed with an initial volume higher than 
the cylindrical one (V > 1), there are always several images of the liquid bridge with almost cylindrical volume (V & 1). These 
images are selected, stored and digitized. Some video frames are shown in Fig. 8. As it can be observed, the contrast between 
the liquid bridge and the background is very high and the position of the interface can be easily determined by looking, for 
every horizontal line in the video frame the position where a given threshold in pixel intensity following a similar procedure 
to the one described in [42]. The volume of the liquid bridge can be then computed from the digitized outer shapes. From 
those liquid column contours which volume is within the range V = 1 ± 0.005 the value of the Bond number is computed. 
Hence the value of the surface tension is calculated by fitting a linear-order theoretical expression for the interface shape to 
that experimentally measured. The same procedure is repeated for different values of the slenderness, the result obtained being 
B = 0.04 (a = 0.062 N-m - 1) for liquid bridges held between disks having 0.50 mm in radius. This value is very close to 
the reference value (B = 0.034) which is obtained using the nominal values of the physical magnitudes and entering the Bond 
number definition (g = 9.81 m-s - 2 , p = 103 kg-m -3 , and a = 0.073 N-m - 1 ) . The difference in surface tension is thought to be 
due to the decrease in the value of the surface tension, due to interface contamination. No particular care was taken in avoiding 
liquid contamination as the Bond number was determined as part of the analysis. Bond number was determined analyzing ten 
different sequences, the differences being negligible. 
Two liquid bridge configurations have been experimentally tested. In both configurations the bottom disk is 1 mm in 
diameter whereas the top one is either 1.2 mm (configuration A) or 1.5 mm in diameter (configuration B). Therefore, the 
values of the Bond number and disks inequality are B = 0.048, h = 0.09 for configuration A, and B = 0.063, h = 0.20 for 
configuration B. The experimental stability limits measured with these two experimental configurations (minimum volume, V, 
versus slenderness, A) are represented in Figs. 9 and 10. In these plots black symbols indicate that when the liquid bridge breaks 
into two drops, the larger drop is formed at the top, larger disk, whereas open symbols indicate that the larger drop is formed 
at the bottom, smaller disk. Solid lines in both plots represent exact theoretical results [21,22]. As it can be observed, in each 
plot experimental results are scattered around the theoretical curve corresponding to the nominal value of the Bond number, 
the scattering increasing as the slenderness increases. Note that for values of the slenderness smaller than Ac the larger drop 
is at the top disk, as already said, which means that for A < Ac the unequal disks effect is the dominant one, as predicted by 
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Fig. 9. Experimental results: variation with the slenderness A of 
the minimum volume V of liquid bridges between unequal disks 
and subject to an axial Bond number (configuration A: B = 0.048, 
h = 0.09). Black symbols indicate that when the liquid bridge breaks 
the larger drop is formed at the top disk, whereas open symbols 
indicate that the larger drop is at the bottom disk. Solid lines represent 
exact theoretical results [21,22] for the same disks configuration. The 
numbers on the curves indicate the value of the Bond number B used 
to obtain theoretical results. 
Fig. 10. Experimental results: variation with the slenderness A of 
the minimum volume V of liquid bridges between unequal disks 
and subject to an axial Bond number (configuration B: B = 0.063, 
h = 0.20). Black symbols indicate that when the liquid bridge breaks 
the larger drop is formed at the top disk, whereas open symbols 
indicate that the larger drop is at the bottom disk. Solid lines represent 
exact theoretical results [21,22] for the same disks configuration. The 
numbers on the curves indicate the value of the Bond number B used 
to obtain theoretical results. 
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Fig. 11. Interface contours of the liquid bridge just before breaking obtained from high speed camera pictures shown in Fig. 8 (the time interval 
between contours is 0.005 s). Letters on the sketches identify the fluid configuration according to the following key: (A) B = 0.048, h = 0.09; 
(B) B = 0.063, h = 0.20. The numbers indicate the value of the slenderness A. 
asymptotic analysis, whereas the contrary happens when A > Ac. In this case the dominant effect is the Bond number and the 
larger drop is formed at the bottom disk. 
Liquid bridge contours for configurations very close to the rupture of the liquid column are shown in Fig. 11. In each sketch 
the contour corresponding to the last image taken by the high speed camera prior to the breakage has been plotted. Taking into 
account the recording speed, 1/1200 s after there will be two drops of liquid instead of a liquid bridge. Time interval between 
different contours shown in each sketch is 0.005 s, thence there are six more frames between one contour and the next one 
represented. These plots clarify the breaking dynamics of the liquid bridge as the fluid configuration moves along the minimum 
volume stability limit; as A grows the neck of the liquid column displaces from the lower half of the bridge to the upper one, 
so that the relative volume of the drops varies accordingly. 
The relative volumes have been calculated integrating the liquid bridge contours from the liquid bridge neck to the upper 
disk, using the last liquid bridge obtained before the breakage. As explained before, between the frame analyzed and the broken 
Fig. 12. Experimental results: variation with the slenderness A of the relative volume of the drop formed at the top disk, Vu. The results 
correspond to liquid bridges held between unequal disks and subject to an axial Bond number. Circles represent experimental results 
corresponding to configuration A (B = 0.048, h = 0.09, Ac = 2.64), whereas rhombi correspond to configuration B (B = 0.063, h = 0.20, 
A: = 3.14). 
into two drops liquid bridge there is less than 0.001 s and, as velocities in the neck are not too large, the change in the volume 
of the resulting drops compared with that calculated with this procedure is negligible. The variation with the slenderness A 
of the relative volume Vu of the drop anchored to the upper disk has been represented in Fig. 12 (similar experimental results 
were obtained by Bezdenejnykh and Meseguer [20]). Note that the relative volume changes drastically for a critical value Ac. 
Obviously, since the value of Ac depend on the value of the Bond number, and Bond number depends in turn on the value of the 
surface tension, leaving apart other effects that could affect the liquid bridge breakage (i.e., uncontrolled external perturbations) 
there is some scattering on the relative volume Vu very close to the nominal value of Ac, and the larger drop is formed either at 
the upper or at the bottom disk depending of the relative importance of the two effects under consideration (unequal disks and 
Bond number). The theoretical prediction given by expression (12) has also been represented in Fig. 12. 
In conclusion, the dynamic behavior of liquid bridges at minimum volume stability limit has been analyzed by using an 
asymptotic approach that, in spite of its simplicity, accurately predicts the response of liquid bridges when the stability limit 
of minimum volume is reached. Asymptotic results have been compared with exact theoretical results [21,22], the agreement 
being satisfactory. In addition, to check theoretical predictions, an experimental set-up has been developed and several series of 
experiments on the breaking of liquid bridges at minimum volume stability limit have been performed, the agreement between 
experimental results and theoretical ones, either exact or asymptotic, being also satisfactory. Particularly it must be pointed 
out the excellent agreement between theoretical and experimental results concerning the properties of the position of the local 
minimum in volume in the stability limit shown in Fig. 5. 
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